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m-accretivity ${\rm Re}(Au,Su)\geq 0$ ${\rm Re}(A^{*}u, S^{-1}u)\geq 0$
(Shizuo Miyajima)
\S 1. Introduction
Hilbert . $X$ $(\cdot, \cdot)$ Hilbert
, $X$ contraction $C_{0}$ - ( ) m-accretive
. ,
$X$ $A$ accretive
${\rm Re}$ (Au, $u$ ) $\geq 0$ $(\forall u\in D(A))$
, $A$
$R(\lambda+A)=X$ $(\exists\lambda>0)$ ( $\forall\lambda>0$ )
, $A$ m-accretive . $D(A)$ $A$ ,
$R(\lambda+A)$ $\lambda+A$ .
Remark 1.1. $A$ accretive operator , $A$ closable
$A$ closure accretive .






, non-negative self-adjoint operator Okazawa Sohr
. , $(H)$ :
$S$ Hilbert $X$ non-negative self-adjoint operator ,
$(H)$
$A$ closed accretive operator .
$(H)$ $D(A)\supset D(S)$ Okazawa [3] :
$(O)$ ${\rm Re}$ (Au, $Su$ ) $\geq 0$ $(\forall u\in D(S))$ .
Sohr [$6|$ $(H)$ $S$ :
$(S)$ ${\rm Re}(A^{*}u, S^{-1}u)\geq 0$ $(\forall u\in D(A^{*}))$ .
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$(O),$ $(S)$ , $A$ m-accretive ,
. $(O),$ $(S)$ $D(A)\supset D(S)$ $S^{-1}$
$(O)$ $(S)$ .
.
1 $(O)$ , (S) $A$ m-accretive , $A$
m-accretiveJ $(O)$ $(S)$ ?
2 $(O),$ $(S)$ . ,





Definition 2.1. $\{e^{-tA}\}_{t\geq 0}$ Hilbert $X$ $c_{0}$ - , $Y$ $X$ ,
$\Vert\cdot||_{Y}$ Banach , $Yarrow X$
. $Y$ $A$ , $e^{-tA}Y\subset Y$ $\{e^{-tA}|_{Y}\}_{t\geq 0}$
$Y$ $C_{0}$ - .
Remark 2.2. $Y$ A- $Y$ $C_{0}$ - $\{e^{-tA}|_{Y}\}_{t\geq 0}$ (
) $Y$ $A$ $A_{Y}$ . $A_{Y}$
$\{\begin{array}{l}D(A_{Y})\cdot.=\{y\in Y|y\in D(A),Ay\in Y\}A_{Y}y\cdot.=Ay\end{array}$
.
1 .
Theorem 2.3. $(H)$ $D(A)\supset D(S)$ ,
$(O)\Leftrightarrow(A)$ : $\{\begin{array}{l}(i)A|gm- accretive(ii)D(s^{1/2})\mathfrak{l}2A- n-\wedge\mp 4r_{\vee}T\backslash \ovalbox{\tt\small REJECT} l\backslash ^{\backslash }\Re \mathfrak{h}_{-}\backslash \perp\prime\supset||S^{1/2}e^{-tA}u||\leq||S^{1/2}u\Vert(\forall t\geq 0and\forall u\in D(s^{1/2}))\end{array}$
$”\Rightarrow$ Kato [2] , Okazawa-Unai [4]
. ,
$(A)$ (i) $(O)\Leftrightarrow$ (ii) in $(A)$ (H.




Lemma 2.4. $A,$ $S$ $(H)$ , Theorem 2.3 $(A)$
. $A$ $A_{n}(n\in N)$ $u\in D(S^{1/2}),$ $t\geq 0$
$||S^{1/2}e^{-tA_{n}}u||\leq||S^{1/2}u\Vert$ .
Proof. , $u\in D(S^{1/2})$ $\lambda>0$ $t\mapsto e^{-\lambda t}S^{1/2}e^{-tA}u$








. $e^{-nt} \sum_{k=0}^{N}\frac{(nt)^{k}}{k!}[n(n+A)^{-1}|^{k}uarrow e^{-tA_{n}}u$ $(Narrow\infty)$ $S^{1/2}$
, $e^{-tA_{n}}u\in D(s^{1/2})$ $||S^{1/2}e^{-tA_{n}}u||\leq||S^{1/2}u||$ . $\square$
Lemma 2.5. $A,$ $S$ $(H)$ , Theorem 2.3 $(A)$
. $A$ $A_{n}$ , $\epsilon>0,$ $t\geq 0,$ $n\in N$ $u\in D(S^{1/2})$
$||S^{1/2}e^{-t(A_{n}+\epsilon S)}u\Vert\leq||S^{1/2}u||$ , $D(s^{1/2})$ $(A_{n}+\epsilon S)$ - .
Proof. $A_{n}$ $X$ accretive operator , $\epsilon S$ $X$ m-accretive ,
operator sum $A_{n}+\epsilon S$ $D(S)$ m-accretive operator . Trotter
product formula (Pazy [5, P. 92]) :
$e^{-t(A_{n}+\epsilon S)}u= \lim_{karrow\infty}(e^{-\frac{t}{k}A_{n}}e^{-\frac{t\epsilon}{k}S})^{k}u$ $(u\in X)$ . (1)
$||S^{1/2}e^{-\frac{t\epsilon}{k}S}u||\leq\Vert S^{1/2}u||$ Lemma 2.4 , $u\in D(S^{1/2})$
$||S^{1/2}e^{-\frac{t}{k}A_{n}}e^{-\frac{te}{k}S}u\Vert\leq||S^{1/2}u||$ . . $||S^{1/2}(e^{-\frac{t}{k}A_{n}}e^{-\frac{t\epsilon}{k}S})^{k}u||\leq||S^{1/2}u||$
, (1) $S^{1/2}$ . $\square$
Lemma 2.6. $A,$ $S$ $(H)$ , Theorem 2.3 $(A)$
. $c>0$ Theorem 2.3 $(A)$ $S$ $S+c$
.
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Proof. $(A)$ , $c>0$ $D((S+c)^{1/2})=D(s^{1/2})$
$||(S+c)^{1/2}v||^{2}=||S^{1/2}v||^{2}+c||v||^{2}(v$ $\in D(s^{1/2})$ ,
$D((S+c)^{1/2})=D(s^{1/2})$ . $u\in D(S^{1/2})$




Proof of “ $(A)\Rightarrow(O)$ in Theorem 2.3:
$S$ . , Lemma 2.6
$c>0$ , $(A)$ $S$ $S+c$ , ${\rm Re}(\tilde{A}u, (S+c)u)\geq$
$0$ $(\forall u\in D(S))$ $c\downarrow 0$ $(O)$ .
$S$ . $S\geq c>0$ $c$ ,
$(u, v)_{1}$ $:=(S^{1/2}u, S^{1/2}v)$ $D(s^{1/2})$ ,
. $D(s^{1/2})$ $Y$ . Lemma 2.5
$n\in N$ $\epsilon>0$ $Y$ (An+\epsilon S)- . $A_{n}+\epsilon S$ $Y$
$(A_{n}+\epsilon S)_{Y}$ m-accretive (cf. Pazy [5, Theorem 5.5]). , ${\rm Re}((A_{n}+\epsilon S)u, u)_{1}\geq 0$
$u\in D(A_{n}+\epsilon S)_{Y}$ . ,
${\rm Re}(S^{1/2}(A_{n}+\epsilon S)u, S^{1/2}u)\geq 0$ (2)
$(A_{n}+\epsilon S)u\in D(S^{1/2})$ $u\in D(S^{1/2})$ . $(A_{n}+\epsilon S)S^{-1}$ $X$
. $S\geq c>0$ $A_{n}+\epsilon S=[A_{n}+\epsilon(S-c)]+\epsilon c$
( $A_{n}+\epsilon(S-c)$ $D(S)$ m-accretive ).
$D:=\{u\in X|(A_{n}+\epsilon S)S^{-1}u\in D(S^{1/2})\}$ $X$ . $u\in D$
$S^{-1}u\in D(s^{1/2})$ $(A_{n}+\epsilon S)S^{-1}u\in D(s^{1/2})$ , (2)
${\rm Re}((A_{n}+\epsilon S)S^{-1}u,u)={\rm Re}(S^{1/2}(A_{n}+\epsilon S)S^{-1}u, S^{1/2}(S^{-1}u))\geq 0$
. $D$ $X$ , ${\rm Re}((A_{n}+eS)S^{-1}u, u)\geq 0$
$u\in X$ . $\epsilon>0$ , $u\in X$
${\rm Re}(A_{n}S^{-1}u, u)\geq 0$ , $u\in D(S)$ ${\rm Re}(A_{n}u, Su)\geq 0$ .
$narrow\infty$ , $u\in D(S)$ ${\rm Re}$ (Au, $Su$ ) $\geq 0$
. $\square$
, $(S)$ .
Theorem 2.7. $(H)$ $S^{-1}$ ,
$(S)\Leftrightarrow(A)$ : $\{\begin{array}{l}(i)A\dagger Xm- accretive(ii)D(S^{1/2})lXA-\wedge-\mp\prime\propto\tau\ i\backslash ^{\backslash }\Re \mathfrak{h}_{A^{-\supset}}^{rightarrow}|||S^{1/2}e^{-tA}u||\leq||S^{1/2}u\Vert(\forall t\geq 0and\forall u\in D(s^{1/2}))\end{array}$
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Proof. $(S)\Rightarrow(A)$ :(i) : $\lambda>0$ $R(A+\lambda)^{\perp}=0$
. $x\in R(A+\lambda)^{\perp}$ , $x\in D(A^{*})$ $(A^{*}+\lambda)x=0$ ,
$0={\rm Re}((A^{*}+\lambda)x, S^{-1}x)=\lambda(x, S^{-1}x)+{\rm Re}(A^{*}x, S^{-1}x)\geq\lambda(x, S^{-1}x)\geq 0$
, $(x, S^{-1}x)=0$ $x=0$ .
(ii) : $A$ m-accretive , $A$ $A_{n}$ $:=A(I+ \frac{1}{n}A)^{-1}$
$(n=1,2, \ldots)$ . $A^{*}$ m-accretive . $A_{n}$ $S$ $S_{n}$ $:=$
$S(I+ \frac{1}{n}S)^{-1}$ $(O)$ . $S_{n}>0$ $S_{n}^{-1}=S^{-1}+ \frac{1}{n}$
, $A_{n}$ m-accretive .
Sohr [6] . $x\in X,$ $n=1,2,$ $\ldots$ , $y_{n}$ $:=S_{n^{X}},$ $z_{n}$ $:=(I+ \frac{1}{n}A^{*})^{-1}y_{n}$ ,
${\rm Re}(A_{n}x, S_{n}x)={\rm Re}(A_{n}S_{n}^{-1}y_{n}, y_{n})={\rm Re}(A_{n}(S^{-1}+ \frac{1}{n})y_{n}, y_{n})$
$\geq{\rm Re}(A_{n}S^{-1}y_{n}, y_{n})={\rm Re}(S^{-1}y_{n}, A_{n}^{*}y_{n})$
$={\rm Re}(S^{-1}(I+ \frac{1}{n}A^{*})z_{n}, A^{*}z_{n})$
$\geq{\rm Re}(S^{-1}z_{n}, A^{*}z_{n})\geq 0$ .
23 , $x\in X,$ $t\geq 0$
$||S_{n}^{1/2}e^{-tA_{n}}x||\leq||S_{n}^{1/2}x\Vert\leq||S^{1/2}x||$ (3)
. $x\not\in D(s^{1/2})$ $||s^{1/2_{X||}}=\infty$ . $z\in D(s^{1/2})$
$narrow\infty$ $S_{n}^{1/2}zarrow S^{1/2_{Z}}$ , $x\in X$ $e^{-tA_{n}}xarrow e^{-tA_{X}}$
,
$(S_{n}^{1/2}e^{-tA_{n}}x, z)=(e^{-tA_{n}}x, S_{n}^{1/2}z)arrow(e^{-tA}x, S^{1/2}z)$
. , $x\in D(S^{1/2})$ (3) $|(e^{-tA}x, S^{1/2}z)|\leq||s^{1/2_{X}}||||z||$
, $e^{-tA_{X}}\in D(s^{1/2})$ $||S^{1/2}e^{-tA}x\Vert\leq\Vert s^{1/2_{X}}||$ .
$(S)\Leftarrow(A)$ : $Y$ $D(s^{1/2})$ $(u, v)_{Y}$ $:=(S^{1/2}u, S^{1/2}v)$
Hilbert . $y\in Y$ $Y$ $||y||_{Y}$ $||S^{1/2}y\Vert$ ,
$D(s^{1/2})$ . $(A)$ Lemma 2.4 $A$ $A_{n}$
$(n\in N)$ $e^{-tA_{n}}|_{Y}$ $Y$ $C_{0}$ - . $-A_{n}$ $Y$
, $A_{n}$ $Y$ . , resolvent
$( \lambda+A)^{-1}y=\int_{0}^{\infty}e^{-\lambda t}e^{-tA}ydt$ $(y\in Y, \lambda>0)$ (4)
$Y$ $A_{n}=n-n^{2}(n+A)^{-1}$ $Y$ $A_{n}$
. Lumer-Phillips $y\in Y$
${\rm Re}(S^{1/2}A_{n}y, S^{1/2}y)={\rm Re}(A_{n}y, y)_{Y}\geq 0$ .
$u\in D(S)\subset D(s^{1/2})$ , ${\rm Re}(A_{n}u, Su)={\rm Re}(s^{1/2}A_{n}u, S^{1/2}u)\geq 0$ ,
$v\in X$
${\rm Re}(A_{n}^{*}v, S^{-1}v)={\rm Re}(A_{n}S^{-1}v, S(S^{-1}v))\geq 0$.
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$A_{n}^{*}$ m-accretive operator $A^{*}$ , $narrow\infty$
${\rm Re}(A^{*}v, S^{-1}v)\geq 0$ $(v\in D(A^{*}))$
, .
$A$ (0) $(S)$ .
\S 3 2
$(H)$ :




(I) $\Leftrightarrow(A)$ : $\{\begin{array}{l}(i)Atfm- accretive(ii)D(S^{1/2})\dagger 2A-\beta=\mp \mathfrak{X}T\backslash \ovalbox{\tt\small REJECT} i\backslash ^{\backslash }\Re \mathfrak{h}\overline{\backslash }\lrcorner^{\vee}\supset||S^{1/2}e^{-tA}u||\leq||S^{1/2}u||(\forall t\geq 0and\forall u\in D(s^{1/2}))\end{array}$
Proof. , $\epsilon>0$ $D((S+\epsilon)^{1/2})=D(s^{1/2})$ $\Vert(S+\epsilon)^{1/2}v||^{2}=$
$||S^{1/2}v\Vert^{2}+\epsilon||v||^{2}(v\in D(S^{1/2}))$ .
“ $(I)\Rightarrow(A)$ : $\epsilon>0$ , Theorem 2.7 $A$ $S+\epsilon$ , $A$ ( m-accretive
, $u\in D((S+\epsilon)^{1/2})=D(s^{1/2})$
$\Vert(S+\epsilon)^{1/2}e^{-tA}u\Vert\leq||(S+\epsilon)^{1/2}u||$ $(\forall t\geq 0)$
. , $\epsilon\downarrow 0$ , (ii)
.
“ $(I)\Leftarrow(A)$ : $\epsilon>0,$ $u\in D((S+\epsilon)^{1/2})=D(s^{1/2}),$ $t\geq 0$ ,
$||(S+\epsilon)^{1/2}e^{-tA}u||^{2}=\Vert S^{1/2}e^{-tA}u\Vert^{2}+\epsilon||e^{-tA}u\Vert^{2}\leq\Vert S^{1/2}u||^{2}+\epsilon||u||^{2}=\Vert(S+\epsilon)^{1/2}u||^{2}$
. , Theorem 2.7 , $A$ $S+\epsilon$
Sohr $(S)$ (I) . $\square$
.
Theorem 3.2. $(H)$
(a) $D(A)\supset D(S)$ $(O)\Leftrightarrow(I)$ .
(b) $S^{-1}$ $(S)\Leftrightarrow(I)$ .
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